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REPRESENTING DERIVATIVES OF CHEBYSHEV POLYNOMIALS BY CHEBYSHEV
POLYNOMIALS
HELMUT PRODINGER
ABSTRACT. A recursion formula for derivatives of Chebyshev polynomials is replaced by an
explicit formula.
1. INTRODUCTION
Consider the Chebyshev polynomials of the second kind
Un(x) =
∑
0≤k≤n/2
(−1)k

n− k
k

(2x)n−2k;
the main interest of the paper [3] is to represent the derivatives of Un(x) in terms of the
Chebyshev polynomials themselves. To this aim an “exact computational method” (a recur-
sion formula) was presented. In the present note, we replace this “computational method”
by an exact and explicit formula.
Our answer is
U (s)
n
(x) = 2s
∑
0≤ j≤(n−s)/2
(n− j)s−1

s+ j− 1
s− 1

(n− 2 j− s+ 1)Un−s−2 j(x).
Although it is not needed, we briefly mention without proof an analogous formula for the
Chebyshev polynomials of the first kind: Let
Tn(x) =
∑
0≤k≤n/2
(−1)k
n
n− k

n− k
k

2n−1−2k x n−2k,
then
T (s)
n
(x) = 2s
∑
0≤ j≤(n−s)/2
n(n− 1− j)s−1

s+ j − 1
s− 1

Tn−s−2 j(x)
− [[n− s even]] 2s−1n ((n+ s)/2− 1)s−1

(n+ s)/2− 1
s− 1

.
We use here the notion of falling factorials x n := x(x − 1) . . . (x − n + 1) and Iverson’s
symbol [[P]] which is 1 if P is true and 0 otherwise, compare [1].
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2. THE PROOF
Our starting point is the inversion formula (see [2])
x j = 2− j
∑
0≤h≤ j/2

j
h

−

j
h− 1

U j−2h(x),
which we will use in
U (s)
n
(x) =
∑
0≤k≤n/2
(−1)k

n− k
k

(n− 2k)s2n−2kx n−s−2k
and simplify:
U (s)
n
(x) =
∑
0≤k≤n/2
(−1)k

n− k
k

(n− 2k)s2s
∑
k≤h+k≤(n−s)/2

n− s− 2k
h

−

n− s− 2k
h− 1

Un−s−2k−2h(x)
=
∑
0≤k≤n/2
(−1)k

n− k
k

(n− 2k)s2s
∑
k≤ j≤(n−s)/2

n− s− 2k
j− k

−

n− s− 2k
j− k− 1

Un−s−2 j(x)
= 2s
∑
0≤k≤ j≤(n−s)/2
(−1)k

n− k
k

(n− 2k)s

n− s− 2k
j− k

−

n− s− 2k
j− k− 1

Un−s−2 j(x).
(1)
We compute the sum over k separately:
∑
0≤k≤ j
(−1)k

n− k
k

(n− 2k)s

n− s− 2k
j− k

−

n− s− 2k
j− k− 1

=
∑
0≤k≤ j
(−1)k

(n− k)!
k!( j − k)!(n− s− k− j)!
−
(n− k)!
k!( j − 1− k)!(n− s− k− j+ 1)!

=
∑
0≤k≤ j
(−1)k

(n− j)!
(n− s− j)!

n− k
j− k

n− s− j
k

−
(n− j+ 1)!
(n− s− j+ 1)!

n− k
j − 1− k

n− s− j + 1
k

=
∑
0≤k≤ j
(−1) j

(n− j)s

−n+ j− 1
j − k

n− s− j
k

+ (n− j+ 1)s

−n+ j− 2
j− 1− k

n− s− j + 1
k

= (−1) j

(n− j)s

−1− s
j

+ (n− j+ 1)s

−1− s
j− 1

= (n− j)s

s+ j
j

− (n− j + 1)s

s+ j − 1
j− 1

= (n− j)s−1

s+ j− 1
s− 1

(n− j − s+ 1)
s+ j
s
− (n− j+ 1)
j
s

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= (n− j)s−1

s+ j− 1
s− 1

(n− 2 j − s+ 1).
In this computation only the Vandermonde convolution formula [1] was used.
Plugging this formula into (1) yields the announced formula from the introduction.
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